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This paper examines a model of a serial flow line with two workstations and an intermediate buffer. Each
workstation consists of multiple unreliable parallel machines which are not necessarily identical, viz., the
processing times, failure times and repair times of the parallel machines at each workstation are assumed
to be exponentially distributed with non-identical mean rates. The system under consideration is solved
via exact Markovian analysis. More specifically, a recursive algorithm that generates the transition matrix
for any value of the intermediate buffer capacity is developed and all possible transition equations are
derived and solved analytically. Once the transition equations are solved the performance measures of
the model under consideration can be easily evaluated. This model may be used as a decomposition block
for solving larger flow lines with parallel unreliable machines at each workstation.

� 2008 Elsevier B.V. All rights reserved.
1. Introduction and literature review

Markovian analysis can be used for modelling production/flow lines as queuing networks, when this is feasible, (Papadopoulos et al.,
1989, 1990 and Heavey et al., 1993; among others). The main disadvantage of the Markovian analysis is that it is applicable only to small
systems with up to six or seven workstations in series. This limitation is due to the huge state space which results when the number of
workstations as well as the capacities of the intermediate buffers increase.

There is a vast literature on the analysis of flow lines where each workstation consists of a single-machine and the flow of material is
linear (Helber, 1999; Papadopoulos et al., 1993).

There is a relatively scarce literature on the analysis of flow lines with multiple parallel-machine workstations.
Forestier (1980) examined production/flow lines with each workstation consisting of two parallel machines.
Dubois and Forestier (1982) examined analogous systems via Markovian analysis.
Van Dijk and Van der Wal (1989) obtained lower and upper bounds for finite multi-server exponential tandem queues.
Buzacott and Shanthikumar (1993), in their excellent book, analyzed finite buffer tandem queuing models with multiple machines per

workstation and exponential processing times.
Magazine and Stecke (1996) considered small flow lines with two and three workstations consisting of reliable parallel machines.
Ancelin and Semery (1987) described methods in which each parallel-machine workstation was replaced by an equivalent single-ma-

chine workstation.
Vidalis and Papadopoulos (2000) developed a recursive algorithm for generating the transition matrices of multi-station multi-server

exponential reliable queueing networks.
Chen and Lan (2001) proposed a mathematical model of a two stage production system with unreliable machines and finite working

hour capacity.
Lan and Chen (2003) provided a mathematical model to reach the optimal multistage production with probabilistic demand, finite re-

source capacity at each stage, related costs, as well as sales price and unreliable machines.
Kalir and Arzi (1998) presented a model for the determination of the profit maximizing configuration of workstations each one consist-

ing of parallel unreliable machines along a flexible production line with infinite buffers. The existence of infinite buffers does not allow the
blocking phenomenon to occur.
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Fig. 1. A system with two workstations with parallel unreliable machines (servers) and an intermediate buffer.
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In this paper, a system with two serial workstations, where each workstation consists of multiple unreliable parallel machines and an
intermediate buffer of finite capacity as depicted in Fig. 1 is examined using Markovian analysis. This model may be used as a decompo-
sition block of a decomposition method to evaluate the performance measures of large production systems with unreliable multiple par-
allel-machine workstations. For an introduction to decomposition the reader is addressed to Gershwin (1987), who was the first who
applied this technique to analyze large production lines. Dallery et al. (1988) improved the convergence of the algorithm proposed by
Gershwin (1987). In Diamantidis et al. (2007), decomposition was applied directly to systems consisting of parallel reliable machines at
each workstation without using replacement techniques for evaluating the throughput of large flow lines. They presented numerical re-
sults for the estimation of throughput of large production lines (with up to 1000 workstations).

In Diamantidis et al. (2007), a decomposition block similar to the one considered in this work was used with the difference that all par-
allel machines were assumed to be reliable. This difference constitutes the contribution of this work.

This paper is organized as follows: Section 2 describes the model and gives the steps of the solution method. Section 3 presents the
algorithm for generating the transition matrix as well as an example-application of the algorithm. In Section 4, numerical results are pro-
vided. Finally, Section 5 concludes the paper and gives a direction for further research.

2. The model and the solution method

A flow line consisting of two parallel-machine workstations, M1 and M2 and an intermediate buffer, B, capable of producing only one
part type of products like the one depicted in Fig. 1 is analyzed using Markovian analysis.

Workstation M1 consists of S1 different unreliable parallel machines M1,i i = 1, . . . ,S1, and likewise, workstation M2 consists of S2 different
unreliable parallel machines M2,j, j = 1, . . . ,S2.

The Si, i = 1,2 parallel machines at workstation Mi, i = 1,2 have exponentially distributed service times, times to failure and times to re-
pair with means 1

li;j
, 1

pi;j
and 1

ri;j
, i = 1,2 and j = 1,2, . . . ,Si, respectively.

It is also assumed that when any one of the S1 parallel machines at workstation M1 completes a part, that part is placed into the buffer B
downstream of the workstation, provided the buffer is not full.

The S1 parallel machines at workstation 1 cannot fail when they are blocked, while the S2 parallel machines at workstation 2 cannot fail
when they are starved. Therefore, all machines at both workstations fail only while processing workpieces (Operation Dependent Failures
(ODFs)).

The state of each one of the Si, i = 1,2 parallel machines at workstation Mi, i = 1,2 is denoted by ai,j 2 {0,1}, i = 1,2 and j = 1,2, . . . ,Si.
If ai,j = 1, i = 1,2, j = 1, . . . ,Si, machine Mi,j is operational (up state). If ai,j = 0, machine Mi,j is under repair (down state).
For the system depicted in Fig. 1, it is assumed that an unlimited supply of workpieces is available upstream of workstation M1 (i.e.,

workstation M1 is never starved), and that an inexhaustive storage area is present downstream of workstation M2 (i.e., workstation M2

is never blocked). The size or capacity of the intermediate buffer is denoted by B. Because each parallel-machine has its own work area
with capacity one (which is denoted by a circle beside each parallel-machine), there is a difference between the total storage capacity
of the system and the buffer capacity. The total storage capacity of the system presented in Fig. 1, is the physical storage of buffer B plus
the work areas of all parallel machines at both workstations M1 and M2. Therefore, the total storage capacity of the system, C, is
C = S1 + S2 + B.

A part is assumed to be stored at the work area of each one of the parallel machines of workstation M1 if it has been processed by the
corresponding parallel-machine but finds the buffer containing B parts and S2 parts currently occupy the work areas of all parallel machines
of workstation M2. However, if a part in the work area of one of the S1 parallel machines at workstation M1, is still being processed or wait-
ing for the corresponding machine to be repaired, then this part is not assumed to be stored in the total storage capacity of the system as it
is not yet available to proceed to workstation M2.

Workstation M1 can be either partially or fully blocked. More specifically, if the current inventory of parts of the system (including those
on the machines) equals S2 + B + i, i = 1, . . . ,S1 � 1 then, only the first i machines at workstation M1 are blocked and the remaining S1 � i
machines are available for processing. In this case, workstation M1 is partially blocked.

If the total storage capacity of the system equals S1 + S2 + B, then, all S1 machines of the first workstation are blocked and workstation 1
is said to be fully blocked.

If the total storage capacity of the system equals 0 then all machines at workstation 2 are starved. If the total storage capacity of the
system equals i, i = 1,2, . . . ,S2 � 1 then the first i machines at workstation 2 are busy and the rest machines are starved.

Due to the exponentially distributed service times, failure times and repair times, during the time interval [t, t + dt] only one event can
occur at each workstation. Thus during the time interval [t, t + dt] only one machine among the S1 machines of workstation M1 can produce
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a part, fail or be repaired, respectively, or only one machine among the S2 machines of workstation M2 can remove a part from the inter-
mediate buffer, fail or be repaired, respectively.

The state of the system at time t is represented by the vector:

SðtÞ ¼ ðnðtÞ; a1;1ðtÞ; a1;2ðtÞ; . . . ; a1;S1 ðtÞ; a2;1ðtÞ; a2;2ðtÞ; . . . ; a2;S2 ðtÞÞ;
where n(t) is the total number of units in the system at time t (with a maximum capacity C).
Since the total number of units in the system at time t, n(t), varies from 0 to C = S1 + S2 + B and the state of the system is represented by

the vector S(t), it is straightforward that the total number of states of the system, N, is
N ¼ 2S1þS2 � ðC þ 1Þ: ð1Þ

To analyze the model of Fig. 1 using Markovian analysis, in order to evaluate the throughput of the system, the following steps should be
followed:

Step 1: Derivation of the transition equations (internal, lower boundary and upper boundary) of the Markovian model and development
of a recursive algorithm for generating the transition matrix for any value C of the total storage capacity of the system
(C = S1 + S2 + B).

Step 2: Numerical computation of the transition probabilities and the various performance measures of the system, such as throughput.
3. The algorithm for generating the transition matrix

From Eq. (1) the dimension of the transition matrix for the system depicted in Fig. 1 is N � N. Before starting the development of the
recursive algorithm for generating the transition matrix for any value C of the total storage capacity, it is necessary to enumerate (order)
the states of the system in a specific way in order to facilitate the transitions among the various states of the system.

For each value n of the total number of units in the system (n = 0, . . . ,C) there are 2S1þS2 states. The assignment of a number to each state
can be done using the following pseudo code:

Let k be the number that corresponds to the state from which we want to calculate the transition probabilities.
The proposed algorithm for generating the transition matrix for any value C of the total storage capacity of the system consists of the

following three steps:
Step 1: Creation of transition probabilities from internal states:
States S ¼ ðn; a1;1; a1;2; . . . ; a1;S1 ; a2;1; a2;2; . . . ; a2;S2 Þ, with n = S2, . . . ,S2 + B are referred to as internal states.
All possible transitions can be divided in three categories:

(i) Transitions from states ðn; a1;1; a1;2; . . . ; a1;S1 ; a2;1; a2;2; . . . ; a2;S2 Þ to states ðn; a1;1; a1;2; . . . ; a1;S1 ; a2;1; a2;2; . . . ; a2;S2 Þ. The transitions are
done according to the following rules which may be written in a pseudo code:
For n = S2 to S2 + B do
For g = 2 to S1 + S2 + 1 do
If the gth element of vector S is equal to 1 then move to the state that corresponds to number k� 2S1þS2�gþ1 with transition prob-
ability equal to the failure rate of the corresponding machine, the state of which is located to the gth position of vector S.
If the gth element of vector S is equal to 0 then move to the state that corresponds to number kþ 2S1þS2�gþ1 with transition prob-
ability equal to the repair rate of the corresponding machine, the state of which is located to the gth position of vector S.

End for
End for



(ii) Transitions from states ðn; a1;1; a1;2; . . . ; a1;S1 ; a2;1; a2;2; . . . ; a2;S2 Þ to states ðnþ 1; a1;1; a1;2; . . . ; a1;S1 ; a2;1; a2;2; . . . ; a2;S2 Þ. Such a transition is

possible if there is at least one a1,i = 1, i = 1, . . . ,S1. The transitions are done according to the following rules which may be written in a
pseudo code:
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For n = S2 to S2 + B do
If there is only one a1,i, i = 1, . . . ,S1 that is equal to 1 then move to the state that corresponds to number kþ 2S1þS2 with transition
probability that is equal to the processing rate of the machine for which the corresponding state a1,i, i = 1, . . . ,S1 is equal to 1.
If there is more than one a1,i, i = 1, . . . ,S1 that is equal to 1 then move to the state that corresponds to number kþ 2S1þS2 with tran-
sition probability that is equal to the sum of the processing rates of the machines for which the corresponding states a1,i,
i = 1, . . . ,S1 are equal to 1.

End For
(iii) Transitions from states ðn; a1;1; a1;2; . . . ; a1;S1 ; a2;1; a2;2; . . . ; a2;S2 Þ to states ðn� 1; a1;1; a1;2; . . . ; a1;S1 ; a2;1; a2;2; . . . ; a2;S2 Þ. Such a transition is
possible if there is at least one a2,i = 1, i = 1, . . . ,S2. The transitions are done according to the following rules which may be written in a
pseudo code:
For n = S2 to S2 + B do
If there is only one a2,i, i = 1, . . . ,S2 that is equal to 1 then move to the state that corresponds to number k� 2S1þS2 with transition
probability that is equal to the processing rate of the machine for which the corresponding state a2,i, i = 1, . . . ,S2 is equal to 1.
If there are more than one a2,i, i = 1, . . . ,S2 that are equal to 1 then move to the state that corresponds to number k� 2S1þS2 with
transition probability that is equal to the sum of the processing rates of the machines for which the corresponding states a2,i,
i = 1, . . . ,S2 are equal to 1.

End For
Finally, the probability that during the time interval [t, t + dt] the state of the system does not change can be found by subtracting the sum of
all other transition probabilities from 1.

Step 2: Creation of transition probabilities from lower boundary states:
States S ¼ ðn; a1;1; a1;2; . . . ; a1;S1 ; a2;1; a2;2; . . . ; a2;S2 Þ, with n = 0, . . . ,S2 � 1 are referred to as lower boundary states.
All possible transitions can be divided in three categories:

(i) Transitions from states ðn; a1;1; a1;2; . . . ; a1;S1 ; a2;1; a2;2; . . . ; a2;S2 Þ to states ðn; a1;1; a1;2; . . . ; a1;S1 ; a2;1; a2;2; . . . ; a2;S2 Þ. The transitions are
done according to the following rules which may be written in a pseudo code:
For n = 0 to S2 � 1 do
For g = 2 to S1 + S2 + 1 do
If the gth element of vector S is equal to 1 and g < S1 + n + 2 then move to the state that corresponds to number k� 2S1þS2�gþ1 with
transition probability that is equal to the failure rate of the corresponding machine, the state of which is located to the gth posi-
tion of vector S.
If the gth element of vector S is equal to 1 and g P S1 + n + 2 then there is no possible transition.
If the gth element of vector S is equal to 0 then move to state that corresponds to number kþ 2S1þS2�gþ1 with transition probability
that is equal to the repair rate of the corresponding machine, the state of which is located to the gth position of vector S.

End for
End for
(ii) Transitions from states ðn; a1;1; a1;2; . . . ; a1;S1 ; a2;1; a2;2; . . . ; a2;S2 Þ to states ðnþ 1; a1;1; a1;2; . . . ; a1;S1 ; a2;1; a2;2; . . . ; a2;S2 Þ. Such a transition is
possible if there is at least one a1,i = 1, i = 1, . . . ,S1. The transitions are done according to the following rules which may be written in a
pseudo code:
For n = 0 to S2 � 1 do
If there is only one a1,i, i = 1, . . . ,S1 that is equal to 1 then move to the state that corresponds to number kþ 2S1þS2 with transition
probability that is equal to the processing rate of the machine for which the corresponding state a1,i, i = 1, . . . ,S1is equal to 1.
If there are more than one a1,i, i = 1, . . . ,S1 that are equal to 1 then move to the state that corresponds to number kþ 2S1þS2 with
transition probability that is equal to the sum of the processing rates of the machines for which the corresponding states a1,i,
i = 1, . . . ,S1 are equal to 1.

End For
(iii) Transitions from states ðn; a1;1; a1;2; . . . ; a1;S1 ; a2;1; a2;2; . . . ; a2;S2 Þ to states ðn� 1; a1;1; a1;2; . . . ; a1;S1 ; a2;1; a2;2; . . . ; a2;S2 Þ. Such a transition is
possible if there is at least one a2,i = 1, i = 1, . . . ,S2 and n > 0. The transitions are done according to the following rules which may be
written in a pseudo code:

For n = 1 to S2 � 1 do

If there is only one a2,i, i = 1, . . .S2 that is equal to 1 and its position, i, in vector S is such that i < S1 + n + 2 then move to the state
that corresponds to number k� 2S1þS2 with transition probability that is equal to the processing rate of the machine for which the
corresponding state a2,i i = 1, . . . ,S2 is equal to 1. If its position i in vector S is such that i P S1 + n + 2 then there is no possible
transition.
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If there are more than one a2,i, i = 1, . . . ,S2 that are equal to 1 and their positions, i, in vector S are such that i < S1 + n + 2 then move
to the state that corresponds to number k� 2S1þS2 with transition probability that is equal to the sum of the processing rates of the
machines for which the corresponding states a2,i, i = 1, . . . ,S2 are equal to 1. If their positions, i, in state vector S are such that
i P S1 + n + 2 then there is no possible transition.

End For
Finally, the probability that during the time interval [t, t + dt] the state of the system does not change can be found by subtracting the sum of
all other transition probabilities from 1.

Step 3: Creation of transition probabilities from upper boundary states:
States S ¼ ðn; a1;1; a1;2; . . . ; a1;S1 ; a2;1; a2;2; . . . ; a2;S2 Þ, with n = S2 + B+1, . . . ,S2 + B + S1 are referred to as upper boundary states. All possible

transitions can be divided in three categories:

(i) Transitions from states ðn; a1;1; a1;2; . . . ; a1;S1 ; a2;1; a2;2; . . . ; a2;S2 Þ to states ðn; a1;1; a1;2; . . . ; a1;S1 ; a2;1; a2;2; . . . ; a2;S2 Þ. The transitions are
done according to the following rules which may be written in a pseudo code:
For n = S2 + B + 1 to S2 + B + S1 do
For g = 2 to S1 + S2 + 1 do
If the gth element of vector S is equal to 1 and g > n � S2 � B + 1 then move to the state that corresponds to number k� 2S1þS2�gþ1

with transition probability that is equal to the failure rate of the corresponding machine, the state of which is located to the gth
position of vector S.
If the gth element of vector S is equal to 1 and g 6 n � S2 � B + 1 then there is no possible transition.
If the gth element of vector S is equal to 0 then move to the state that corresponds to number kþ 2S1þS2�gþ1 with transition prob-
ability that is equal to the repair rate of the corresponding machine, the state of which is located to the gth position of vector S.

End for
End for
(ii) Transitions from states ðn; a1;1; a1;2; . . . ; a1;S1 ; a2;1; a2;2; . . . ; a2;S2 Þ to states ðnþ 1; a1;1; a1;2; . . . ; a1;S1 ; a2;1; a2;2; . . . ; a2;S2 Þ. Such a transition is
possible if there is at least one a1,i = 1, i = 1, . . . ,S1 and n < S1 + S2 + B. The transitions are done according to the following rules which
may be written in a pseudo code:
For n = S2 + B + 1 to S2 + B + S1 � 1 do
If there is only one a1,i, i = 1, . . . ,S1 that is equal to 1 and its position, i, at vector S is such that i > n � S2 � B + 1 then move to the
state that corresponds to number kþ 2S1þS2 with transition probability that is equal to the processing rate of the machine for
which the corresponding state a1,i, i = 1, . . . ,S1 is equal to 1. If its position i in vector S is such that i 6 n � S2 � B + 1 then there
is no possible transition.
If there are more than one a1,i, i = 1, . . . ,S1 that are equal to 1 and their positions, i in vector S are such that i > n � S2 � B + 1 then
move to the state that corresponds to number kþ 2S1þS2 with transition probability that is equal to the sum of the processing rates
of the machines for which the corresponding states a1,i, i = 1, . . . ,S1 are equal to 1. If their positions, i, in state vector S are such that
i 6 n � S2 � B + 1 then there is no possible transition.

End For
(iii) Transitions from states ðn; a1;1; a1;2; . . . ; a1;S1 ; a2;1; a2;2; . . . ; a2;S2 Þ to states ðn� 1; a1;1; a1;2; . . . ; a1;S1 ; a2;1; a2;2; . . . ; a2;S2 Þ. Such a transition is
possible if there is at least one a2,i = 1, i = 1, . . . ,S2. The transitions are done according to the following rules which may be written in a
pseudo code:
For n = S2 + B + 1 to S2 + B + S1 do
If there is only one a2,i, i = 1, . . .S2 that is equal to 1 then move to the state that corresponds to number k� 2S1þS2 with transition
probability that is equal to the processing rate of the machine for which the corresponding state a2,i, i = 1, . . . ,S2 is equal to 1.
If there are more than one a2,i, i = 1, . . .,S2 that are equal to 1 then move to the state that corresponds to number k� 2S1þS2 with
transition probability that is equal to the sum of the processing rates of the machines for which the corresponding states a2,i,
i = 1, . . . ,S2 are equal to 1.

End For
Finally the probability that during the time interval [t, t + dt] the state of the system does not change can be found by subtracting the
sum of all other transition probabilities from 1.

3.1. Application of the algorithm: an example

An example is given to show application of the algorithm to the case: S1 = S2 = 2, B = 2, ri,j = 0.1,pi,j = 0.01, i, j = 1,2.
In this case, the total number of units in the system, n, varies from 0 to C = 6 and the total number of states equals 24 (6 + 1) = 112 states.
For each step of the algorithm a sample example that shows how the respective transition probabilities from a certain state are derived

is given.

3.1.1. Application of Step 1
All states with n = 2,3,4 are the internal states.
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(i) The transition probabilities from state (2,0,1,0,1) to states (2,a1,1,a1,2,a2,1,a2,2) are derived.
According to the ordering described in Section 3 number k = 38 is assigned to state (2,0,1,0,1).Since a1,1 = 0 is located at the second
position of the state vector there is a transition to state numbered k + 24�2+1 = 38 + 8 = 46 which is state (2,1,1,0,1) with transition
probability r1,1.Since a1,2 = 1 is located at the third position of the state vector there is a transition to state numbered
k � 24�3+1 = 38 � 4 = 34 which is state (2,0,0,0,1) with transition probability p1,2. Since a2,1 = 0 is located at the fourth position of
the state vector there is a transition to state numbered k + 24�4+1 = 38 + 2 = 40 which is state (2,0,1,1,1) with transition probability
r2,1. Finally, since a2,2 = 1 is located at the fifth position of the state vector there is a transition to state numbered
k � 24�5+1 = 38 � 1 = 37 which is state (2,0,1,0,0) with transition probability p2,2.

(ii) The derivation of the transition probability from state (2,0,1,0,1) to state (3,0,1,0,1) is shown.
Because a1,2 = 1 such a transition is feasible. According to Step 1 (ii), there is a transition to state numbered k + 24 = 38 + 16 = 54
which is state (3,0,1,0,1) with transition probability l1,2.

(iii) The transition probability from state (2,0,1,0,1) to state (1,0,1,0,1) is presented.
Because a2,2 = 1 such a transition is feasible. According to Step 1 (iii), there is a transition to state numbered k � 24 = 38 � 16 = 22
which is state (1,0,1,0,1) with transition probability l2,2.
The transition probability from state (2,0,1,0,1) to state (2,0,1,0,1) is equal to (1 � r1,1 � p1,2 � r2,1 � p2,2 � l1,2 � l2,2).

3.1.2. Application of Step 2
All states with n = 0,1 are the lower boundary states.

(i) The transition probabilities from state (0,0,1,1,1) to states (0,a1,1,a1,2,a2,1,a2,2) are given.
According to the ordering described in Section 3 number k = 8 is assigned to state (0,0,1,1,1).
Since a1,1 = 0 is located at the second position of the state vector there is a transition to state numbered k + 24�2+1 = 8 + 8 = 16 which
is state (0,1,1,1,1) with transition probability r1,1.
Since a1,2 = 1 is located at the third position of the state vector there is a transition to state numbered k � 24�3+1 = 8 � 4 = 4 which is
state (0,0,0,1,1) with transition probability p1,2.
Since a2,1 = a2,2 = 1 are located at the fourth and fifth positions (j = 4) and (j = 5), respectively, of the state vector and
j P S1 + n + 2 = 2 + 0 + 2 = 4 there is no transition to other states with n = 0.

(ii) The transition probability from state (0,0,1,1,1) to state (1,0,1,1,1) is given.
Since a1,2 = 1 such a transition is feasible. According to Step 2 (ii), there is a transition to state numbered k + 24 = 8 + 16 = 24 which is
state (1,0,1,1,1) with transition probability l1,2.

(iii) According to Step 2 (iii), since n = 0 there is no feasible transition to any other state (n � 1,a1,1,a1,2,a2,1,a2,2).

Finally, the transition probability from state (0,0,1,1,1) to state (0,0,1,1,1) is equal to (1 � r1,1 � p1,2 � l1,2).

3.1.3. Application of Step 3
All states with n = 5,6 are the upper boundary states.

(i) The transition probabilities from state (6,1,1,0,1) to states (6,a1,1,a1,2,a2,1,a2,2) are presented.
According to the ordering described in Section 3 number k = 110 is assigned to state (6,1,1,0,1).
Since a1,1 = 1 is located at the second position (j = 2) of the state vector and j 6 n � S2 � B + 1 there is no feasible transition.
Since a1,2 = 1 is located at the third position (j = 3) of the state vector and j 6 n � S2 � B + 1 there is no feasible transition.
Since a2,1 = 0 is located at the fourth position of the state vector there is a transition to state numbered k + 24�4+1 = 110 + 2 = 112
which is state (6,1,1,1,1) with transition probability r2,1.
Since a2,2 = 1 is located at the fifth position of the state vector there is a transition to state numbered k � 24�5+1 = 110 � 1 = 109
which is state (6,1,1,0,0) with transition probability p2,2.

(ii) Because n = 6 according to Step 3(iii), there is no feasible transition from this state to any other state with (n + 1,a1,1,a1,2,a2,1,a2,2).
(iii) Since a2,2 = 1 there is a transition to state numbered k � 24 = 110 � 16 = 94 which is state (5,1,1,0,1) with transition probability l2,2.

Finally, the transition probability from state (6,1,1,0,1) to state (6,1,1,0,1) is equal to (1 � r2,1 � p2,2 � l2,2).

4. Numerical results

The transition equations for any value, C, of the total storage capacity of a system with two-workstation and one-buffer (depicted in
Fig. 1) were solved and the steady state probabilities were computed using the LU decomposition technique. A C++ program that generates
the transition matrix and solves numerically the transition equations computing all transition probabilities was developed.

The CPU time of the numerical solution for each case was also obtained.
The second column in all tables gives the throughput (mean production rate) of the system obtained by the proposed algorithm

(PRalgorithm). The last column provides the CPU time (in seconds) taken by the proposed algorithm.
For the experiments presented in Table 1 it is assumed that S1 = 2, S2 = 1, the failure and repair rates of all machines at both workstations

are equal to 0.01 and 0.1, respectively, while the size of the intermediate buffer varies from 0 to 10 with step 1.
Table 2 presents numerical results for systems where Si = 2, i = 1,2, the buffer size is equal to 2, the failure and repair rates of all ma-

chines at both workstations are equal to 0.01 and 0.1, respectively, the processing rates of all machines at both workstations except ma-
chine M1,2 are equal to 1 and the processing rate of machine M1,2 varies from 0.1 to 1 with step 0.1.



Table 1
Throughput of a system with S1 = 2, S2 = 1, l1,j = 1, r1,j = 0.1, p1,j = 0.01, j = 1,2, l2,1 = 1, r2,1 = 0.1, p2,1 = 0.01

Buffer size (B) Throughput obtained from the algorithm (PRalgorithm) CPU time in seconds

0 0.7848 0.141
1 0.8206 0.187
2 0.8374 0.219
3 0.8458 0.219
4 0.8502 0.234
5 0.8526 0.234
6 0.8540 0.219
7 0.8549 0.219
8 0.8554 0.234
9 0.8558 0.250
10 0.8561 0.250
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Table 3 presents numerical results for systems where Si = 2, i = 1,2, the buffer size is equal to 2, the failure and repair rates of all ma-
chines at both workstations are equal to 0.01 and 0.1, respectively, the processing rates of all machines at both workstations except ma-
chine M2,2 are equal to 1 and the processing rate of machine M2,2 varies from 0.1 to 1 with step 0.1.

In Table 4, numerical results are presented for systems where Si = 3, i = 1,2, the buffer size is equal to 5, the processing rates of all ma-
chines at both workstations are equal to 1, the failure and repair rates of all machines at both workstations except machine M1,2 are equal
to 0.01 and 0.1, respectively, and the repair rate of machine M1,2 varies from 0.01 to 0.1 with step 0.01.
Table 2
Throughput of a system with Si = 2, i = 1,2, B = 2, l2,j = 1, j = 1,2, ri,j = 0.1, pi,j = 0.01, i, j = 1,2, l1,1 = 1

Processing rate l1,2 Throughput obtained from the algorithm (PRalgorithm) CPU time in seconds

0.1 0.9572 0.235
0.2 1.0320 0.250
0.3 1.1031 0.250
0.4 1.1699 0.250
0.5 1.2323 0.250
0.6 1.2901 0.235
0.7 1.3433 0.234
0.8 1.3919 0.250
0.9 1.4360 0.234
1 1.4758 0.250

Table 3
Throughput of a system with Si = 2, i = 1,2, B = 2, l1,j = 1, j = 1,2, ri,j = 0.1, pi,j = 0.01, i, j = 1,2, l2,1 = 1

Processing rate l2,2 Throughput obtained from the algorithm (PRalgorithm) CPU Time in seconds

0.1 0.9690 0.235
0.2 1.0443 0.235
0.3 1.1151 0.234
0.4 1.1811 0.250
0.5 1.2422 0.234
0.6 1.2983 0.250
0.7 1.3495 0.250
0.8 1.3960 0.234
0.9 1.4380 0.234
1 1.4758 0.234

Table 4
Throughput of a system with Si = 3, i = 1,2, B = 5, li,j = 1, i = 1,2, j = 1,2,3 r2,j = 0.1, j = 1,2,3, pi,j = 0.01, i = 1,2, j = 1,2,3, r1,1 = r1,3 = 0.1

Repair rate r1,2 Throughput obtained from the algorithm (PRalgorithm) CPU time in seconds

0.01 2.1275 31.578
0.02 2.2340 30.938
0.03 2.2854 30.985
0.04 2.3157 31.031
0.05 2.3356 31.110
0.06 2.3496 31.203
0.07 2.3601 32.468
0.08 2.3682 31.750
0.09 2.3746 30.797
0.1 2.3799 31.703



Table 5
Throughput of a system with Si = 3, i = 1,2, B = 5, li,j = 1, i = 1,2, j = 1,2, 3, ri,j = 0.1, i = 1,2, j = 1,2,3, p1,j = 0.01, j = 1,2,3, p2,1 = p2,2 = 0.01

Failure rate p2,3 Throughput obtained from the algorithm (PRalgorithm) CPU time in seconds

0.001 2.4188 31.578
0.002 2.4142 30.938
0.003 2.4097 30.985
0.004 2.4053 31.031
0.005 2.4009 31.110
0.006 2.3966 31.203
0.007 2.3923 32.468
0.008 2.3881 31.750
0.009 2.3840 30.797
0.01 2.3799 31.703

Table 6
Throughput of a system with Si = 3, i = 1,2, B = 10, . . . ,100, li,j = 1, ri,j = 0.1, pi,j = 0.01, i = 1,2, j = 1,2,3

Buffer size (B) Throughput obtained from the algorithm (PRalgorithm) CPU time in seconds

10 2.4607 14.485
20 2.5355 58.1250
30 2.5747 152.453
40 2.5998 320.140
50 2.6175 613.437
60 2.6306 1089.91
70 2.6408 1710.000
80 2.6490 3003.130
90 2.6556 5389.390
100 2.6612 9166.800
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Table 5 gives numerical results for systems where Si = 3, i = 1,2, the buffer size is equal to 5, the processing rates of all machines at both
workstations are equal to 1, the failure and repair rates of all machines at both workstations except machine M2,3 are equal to 0.01 and 0.1,
respectively, and the failure rate of machine M2,3 varies from 0.001 to 0.01 with step 0.001.

Finally, Table 6 presents numerical results for systems where Si = 3, i = 1,2, the processing, failure and repair rates of all machines at both
workstations are equal to 1, 0.01 and 0.1, respectively, while the size of the intermediate buffer varies from 10 to 100 with step 10.

The reader may see that the behaviour of the system is good and predictable. More specifically considering the numerical results given
in Tables 1 and 6 it can be easily seen that while the buffer size increases the throughput of the system increases as well. The numerical
results of Tables 2 and 3 indicate that while the processing rate of a machine increases the throughput also increases. The numerical results
of Table 4 (Table 5) indicate that while the repair (failure) rates of a machine increase, respectively, the throughput of the system increases
(decreases), respectively.

5. Conclusions and further research

A Markov process model with two serial workstations, where each workstation consists of multiple unreliable not identical parallel ma-
chines and an intermediate buffer of finite capacity as depicted in Fig. 1 was analyzed in this work. The processing times, failure times and
repair times of all machines at both workstations were assumed to be exponentially distributed.

The transition equations of the Markovian model were derived and analytically solved and a procedure that generates the transition
matrix for any value, C, of the total storage capacity was developed. The steady state probabilities were computed using the LU decompo-
sition technique. The algorithm was programmed and implemented in the C++ programming language.

Diamantidis et al. (2007) examined a similar model with two workstations and one intermediate buffer with each workstation consist-
ing of parallel reliable machines. The contribution of this study is that each parallel-machine at each workstation is considered to be unre-
liable with its own specific processing time, failure time and repair time whereas in the model examined by Diamantidis et al. (2007) all
machines at each workstation were assumed to be identical and perfectly reliable.

This study may be extended by using the proposed model as a building block in a decomposition method to evaluate performance mea-
sures of large production/flow lines with parallel non-identical unreliable machines at each workstation.
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